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Abstract—A generalization of the simpler microstructure theory developed earlier for elastic
laminates by Sun, Achenbach and Herrmann is used to analyze steady state plane wave propa-
gation. This new version incorporates higher-order thickness variations in the displacement
functions and includes restrictions on both displacement and stress at the laminate interfaces.

To assess the potential of a second-order microstructure theory for accurate modeling of
mechanical processes in laminates, dispersion results and especially mode shape data for both
displacements and stresses are obtained and compared to corresponding solutions obtained
by the theory of elasticity. The comparisons indicate that while dispersion results may be
nearly identical, extremely significant differences may be observed in the mode shapes.

1. INTRODUCTION

The development of a practical technique for the numerical solution of problems in the
mechanics of composite materials is a problem of great importance to designers using such
materials. One approach to this problem is by numerical solution of the equations arising
from a continuum microstructure theory of composite materials. The objective of this
paper is to provide a preliminary indication of the feasibility of such an approach.

Two microstructure theories of composite materials have been developed to the point
that they would be suitable for this study. The first such theory, the effective stiffness theory
of Sun, Achenbach and Herrmann[l-7], is based on expressing the displacement vector
in each layer as a series expansion about the centerline of that layer. The coefficients of
the expansions constitute the microstructure variables of the theory. An interface com-
patibility equation is introduced which ensures that the displacements of adjacent layers
agree at the interfaces. Then, by writing the strain and kinetic energies of the layers in
terms of the displacement expansions, ““smoothing” the resulting expressions to obtain
continuous variables, and applying Hamilton’s principle, a continuum theory is obtained.

A second microstructure theory for composites has been developed by Hegemier et al.[8].
This theory also uses displacement vector expansions. However, the equations of motion
and constitutive equations are then used together with the interface stress and displacement
compatibility equations to obtain finite-difference equations which are used to derive the

1 This work was supported by the United States Atomic Energy Commission.
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differential equations of the theory. Its only essential difference from the effective stiffness
theory is that, rather than leading to microstructure variables, it results in equations con-
taining higher-order gradients in the displacements, in the manner of a material of grade
NI[9].

For the purpose of this study, we have used a version of the effective stiffness theory[10]
which generalizes the original theory in two ways: (1) A procedure was introduced which
permits the systematic derivation of the compatibility equations at layer interfaces for the
generation of theories of arbitrary order.t (2) Interface compatibility requirements were
introduced for matching stresses as well as displacements. Thus, a theory was obtained
which can systematically be extended to arbitrary order and which can model stresses in
the composite constituents.

The theory is used to investigate the propagation of steady state waves at an arbitrary
angle to the laminate interfaces. This type of calculation has been carried out previously
for dispersion characteristics, for example by Sve who obtained dispersion spectra for the
first-order effective stiffness theory[l11]. However, the emphasis in our study is not merely
on dispersion characteristics but also on the capability of a continuum system of higher
order microstructure equations to model mode shapes of both displacements and stresses.
To demonstrate this, we have made comparisons with corresponding solutions from a
discrete system of elasticity equations. It is this mode description, rather than only disper-
sion data, which is essential to illustrate the potential of the theory to model stresses and
displacements arising in mechanical processes in composites. This ability of the theory
must be assessed prior to attempting numerical solutions of specific problems, and provides
the motivation for this paper.

The foundations of the effective stiffness theory and the second-order generalization
developed in [10] will first be briefly reviewed, and the general equations for plane-strain
motion derived. Wave propagation results are then presented and interpreted in comparison
with corresponding exact elasticity solutions.

2. EQUATIONS OF MOTION

The material considered is a laminate of perfectly bonded alternating plane layers of
two elastic materials (Fig. 1). One material, the matrix, has density p,, and Lamé constants
Am» t, and the other material, the reinforcing, has density p,, u,.1

A Cartesian coordinate system is oriented so that the x, axis is normal to the layers and
the x,, x; axes are in the plane of the layers. Only plane-strain motion in the x,-x, plane
is considered.

The expansion for the displacement vector in the kth reinforcing layer, /% i =1, 2, is,
for a second-order theory{1]

u* = uo M (xy, %75 0 + X0 M, xh 0+ 13x,7 - df2)¢ifk(x1s 0 D)

where /% and ¢,/ are first- and second-order microdisplacements, x,”* is the x, coordin-
ate of the kth reinforcing layer centerline, X,” is the distance in the X, direction from the
layer centerline, and d is the layer thickness.

By substituting equation (1) into the usual isotropic linearly elastic constitutive equation,

+ By the “order” of an effective stiffness theory we denote the number of terms retained in the displace-
ment vector expansions; one term is a zero-order theory, two terms a first-order theory, etc.
1 The notation is consistent with [1-7].
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Fig. 1. Laminated medium.

the stress components in the kth reinforcing layer can be written in terms of microdisplace-

ments. In [10], equation (1) and the stress component expressions were used to derive

interface compatibility equations expressing the equality of displacement and stress at

interfaces between adjacent layers. The resulting displacement compatibility equations are

uOif + %dfzu'éi, 22 = %dfz‘/’if,z - %dfzq)if =uo;" + %dmzu'i','zz - %dmz 7,'2 he %dmz‘pim 2

—3doul; o +4doy) = 3d,uG; , — 3d, 0" (3)

where j (subscript) denotes partial differentiation with respect to x;, and the stress com-

patibility equations are
Ef(‘l’zf + %dfz‘/’{, 22 — %dfzq’z,z) + lf(”&,l + %dfzu&,nz - %dfz'H,lz

—3d 207 ) = E, (0" + 44,2975, 22 — 34,7 D5, 5)

+ (U3, 1 + 3 451, 122 — 32T 15 — 34,7 0T, ). 4

Ef(—%df‘l’{, 2+ %df(bzf) + Af(—%dfugl,lz + 3d; ¥l
= E,(3d, Y3 2 — 3du®)™) + 4, (3dntiGy 12 — 34 YT ). (5)

I‘f(%f + %dfz‘//{, 22 — %dfz(b{, 2 +uly + %dfzuf;z,lzz - %dlelf{, 12
- %‘dfzq)g,x) = 1, (Y," + 1, T.22— %dmlq)'{', 2+ UG+ 3G, 122
- %dmzw';, 12— %dm2q)'2n, 1)' (6)

Hf("%df‘/’{,z + %dfq)if —4dyuf, 1o+ 3ds )
= ﬂ'm(%dm ‘I/T, 2 %dm (Dlm + %dm u’(;'z, 12 %dm (I)'Zn,l)a (7)

where uo/, uo™, ¥/, ¥, ¢ and ¢ are continuous variables corresponding to the
discrete variables uo;/*, uo™, ¥/% y™ ¢/* and ¢, and where E; =1, +2u,,
E,=1,+2u,.
Note that, when second-order terms in d,, d,, are neglected, equations (2) and (3) reduce
to the displacement compatibility equations used by Sun, Achenbach and Herrmann[1-7}.
The equations of motion for the theory are obtained using the procedure introduced
in [1]. By substituting equation (1) into the usual expression for the elastic strain energy in
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terms of displacements and integrating the resulting expression with respect to X,” from
—d,[2 to d;/2, the strain energy per unit area of the kth reinforcing layer, w2k, is

W, Ik IEf(deOI 1 + - 1“tiijfj"!‘/sz "3--2‘—5 dfs(l)ﬁ‘l
{i 2501 1 “}“ df i{fz'sz + %d 3@ ﬂtz)
+ Af(df“ox, 1 ‘//zﬂ‘ + 3d Yk @, §df3¢‘{?1 ¥,

H %2
“ﬁ (d, lf"‘lsz + %dfs(i);sz +d; “ggtl df‘ﬁ 1
+ 4% dfs‘pm + 2d; ‘/fifk“gg 1 3df3‘f’1fk‘1)£fz
+ 3d, KRR 2 1 Adf uoz 1 2,1)» (8)

with a corresponding expression W™ for the kth matrix layer.
Similarly, the kinetic energy per unit area of the kth reinforcing layer, T,/%, is

T = dppldpiioy + P5d 9" + Fod S
;dfﬁm“@ b +ig_f“02 i +Ti‘£f3if}zf&2
+ f25d 20, — 3d g, D, ), 9)

where (*) denotes differentiation with respect to time with a corresponding expression T,
for the kth matrix layer.

To obtain the continuum theory, the discrete energies W, %, W™, T/% T /™ are
replaced by the continuous functions

W= (W + Wk (10)
T =(TJ +T,/h, {1
where W™, W/, T,™, T/ denote the discrete functions W, /™, W, /* T T * with the
discrete functions uy,”, u,,™, ... replaced by the corresponding continuous functions

oy, ugy™, ..., and where h=d; + d,.

With the continuous energy functions (10} and (11), a Lagrangian can be defined from
which displacement equations of motion can be obtained through Hamilton’s principle.
As in [1] the interface compatibility equations are included in the Lagrangian through the
introduction of Lagrange multipliers. Denoting the eight compatibility equations {2)(7)
by F;=0,j=1,2,..., 8, the Lagrangian is

L=T—W- z;} . (12)

where the A; are Lagrange multipliers. Using the appropriate Euler equation for a Lagrang-
ian involving third derivatives in the dependent variables, equation (12} leads to the
equations

pmafm s om 3 pmdm3 Y Emdm 3 Emde )“mdm

31—7’“03 3k o+ n ”31,11—§T ?,11‘*‘"’“;;‘“ 71

~ dmds,1 = 3dulds, 2+ $hndnie 1o + 3d.2hy 22

— s 122 =0. (13)
prd, 3p,d.2 E.d 3E.d> A,d
”“"’11_"%“!“01}"*‘8 ff‘f’x J;tfuéx 113 fhf ¢+ L L

+ lf’a‘S,l - %dfz'3, 2 + 'Zq‘x*fdf‘g‘ﬁ‘i2 - %dlei,ZZ + %‘;‘vfdfzks,zzz =0. (14}
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Pl 3pm L 3 timd,

}Lz—T +’§ ¢z h uoz,u—g"'h— };,11+Tm!/’?,1
- ﬂm/17,1 - %dmh,z + iﬂmdm‘ls,n + ‘édmziz,zz - _é'umdmzi'?,lz}! =0. (15)
ords . 3p,ds? LA d 3u.d? purd
=2 = £ fuozf+ f ! ¢,  + L fugz,ll——l‘L¢£,11+ L Jr‘:”11
h 8 h 8 &k
+pphy g —3dpis o+ zufdf}»s.lz - %dlez,zz + $upd?hq, 122 = 0. (16)
)umdm m /'lmd 3uumd 3 1 pmdm3 I, m
™ Y "= A 021+ST 1_%dm’13+“m}'7_ﬁ A ¥,
1 E,d, 3 14,4,
TV T+ 3 h T4+ 3Andade s + 34,70 5 — $ind, s,
- Z)‘mdm 15,12 + %umdm )'7,22 =0. (17)
ted ped 3upd, 1 p,d,° .
=Lt =L+ e O~ dd s — e dy — 5
1 E d 14, d>
D f A ‘f’l 1+ 3 hf A 1+%’1fdf)°6,1_%dfzii,z—%ﬂfdf)ﬂ,z
+Z}Lfdf As, 12 —$tpd g 20 =0. (18)
id 34,d,° 1 pnd,’ .
Uf'z - "g1, 1+8 A 11_%dml4+5mls—ﬁ—h'¢2m
B l/’z 1+ 4T T T P ¥ I e 7 N A N
—K;umdm ’17,12 +'§Emdm2}'5,22 =0. (19)
E.d Ard 34,d.° 1 p,d;?
f f‘/’zf_ fhfu51,1 +§ s ¢{,1_%df’14 E ds— IR fkf 'ﬁzf
1 p,d? l,u d;>?
0 f L l/’z 11+ P fhf 95{1 +%Mfdfls,1—‘:‘lfdlez,z—%‘Efdfis,z
+Zﬂfdf Ag,12 — EEfdfz'ls 22 =0 (20)
3 pdy’ lum 49 p,.d,’ .
) pmom m
“ 3 " - ‘f’21 = 3y g — 320 A N
3pmdy> . ., 49 Emdms " 3E,d,’ 34,d,°
§’—h—“01 +§j7f)—h— 1’11_§Tu01’11—§T 2,1
+ %lmdmzls 1+ %Mmdm2’17 2= 0. (21)
3 d;? 1;4 ds> 49 p.d;> .
~3 fhf ¢ ~ f d A 1+%df231“%#fdf18“32—0 fhf J
3p,d,3 3 Aped>
i, tipy” e Efdf 11— 3Efdf uby 11“3' 145 VA
8 & 320 8 & g 21
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3E,d3 1 4,d,> 49 p,d,> .
- m*m m__ mm m _l — e mvm m
4 h ¢2 4 h l//1,1 Sdm)'z %Emdm;"f) 320 )"! ¢2
30mdn . . 49 pndy’ . 3pmd . 3w
3 % Yoz +§(—)-—~h__ 21T T 1,1‘§“’71_““02,11
+ iy’ hn, y + FEndy  As 3 = 0. (23)
3E;dp 14,d.° W9 p.dS
377 ¢2f*5 7 Wi+ 4d A, — 3E,d, A *ﬁa-hﬁf@zf
5 3
3psd,’ ot 49 psdy m _3udy o _3wd?
8 h 320 h Mg oy ThU g oy 02U
’*%.defz"’v?J - %Efdfz/ls,z =0, (29)

which, with the interface compatibility equations (2)~(7), constitutes a system of twenty
differential equations in the dependent variables uy,", uo,”, ¥,™ ¥/, ¢, ¢/, i=1, 2, and
A,i=1,2,...,8.

3. WAVE PROPAGATION RESULTS

We now investigate the behavior of time-harmonic waves in an infinite medium for a
variety of propagation directions and propagation modes, placing particular emphasis on
examining mode shape profiles rather than dispersion spectra alone (reasons for this
become apparent in the discussion of the results).

We use as an example the composite previously used by Sun, Achenbach and Herrmann
[1]in their original derivation of the effective stiffness theory. Thus we consider a laminated
medium with the following properties: for the reinforcing material, 4, = 50-0 g/cm-usec?,
;= 3333 glem-psec®, pp =10 g/em® and d, =1-0 cm; for the matrix material, 4,
= 0-7777 g/cm-psec?, u,, = 0:3333 g/cm-u sec?, p,, = 0-3333 g/cm?, and d,, = 0-25 cm. In
terms of the notation used in [l], these parameters correspond to y = g/, = 100-0,
O0=pi/pn=230, n=d/h=08, ve=2120,+pup)=03, v,=4,/2(4,+ u, =035,
E=hd; =k, and = (w/k)/\/ {{tmPm) = wfk. In this case, o and k are respectively, the
circular frequency and the wave number (27/wavelength).

The dependent variables in the equations of motion are assumed to have solutions of the
following form:

o(Xy, Xq, 1) = A exp ilknyx, + kny x5 + ot),

which reduces the system of equations to a set of twenty linearly-dependent homogeneous
algebraic equations. The dispersion relation and the relative amplitudes of each dependent
variable are given by the eigenvalues and eigenvectors of the matrix of the coefficients.

By substituting the resulting values of the dependent variables into equation (1) in
combination with the usual linear elastic constitutive equations, the various components
of displacement and stress can be evaluated. However, one important step in this process
which sheds light on the nature of the theory, requires careful attention. To calculate a
particular mode shape one must first choose a point in the medium and designate it as lying
on the center line of either the matrix or reinforcing material. If, for example, the matrix
material is chosen, the matrix variables are evaluated at this point. It then is necessary to
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designate a new point at a distance (d,, + d,)/2 along the x, direction as lying on the center
line of the adjacent reinforcing layer and evaluate the reinforcing variables at this new point.

The results of this analysis are compared to corresponding results calculated using the
theory of elasticity equations presented by Sve[l1]. The results from elasticity theory,
particularly the mode results, have intrinsic interest and importance in addition to their
usefulness for comparisons. Such mode data has been presented for waves propagating
parallel to the layers[12], but we believe this is the first published mode data for other
propagation directions.

Since we have assumed that the solutions are independent of the x5 coordinate, the hori-
zontally polarized shear modes in the x;~x; plane are excluded from our results. However,
the microstructure theory still admits four modes of propagation having real wave numbers
for each propagation direction, i.e. one acoustic and one optical branch for both longitud-
inal and vertically polarized shear deformation.

Three directions of propagation will be considered. They are: (1) propagation in the
direction of the layering (n, = 1 and n, = 0); (2) propagation at 45° to the layering (n, = n,
=1 /\/ 2); (3) propagation perpendicular to the layering (r, = 0 and n, = 1). The dispersion
spectra for these cases are shown in Figs. 2-4. For cases (1) and (2) at low wave number,
the lowest mode is a shear mode followed by two longitudinal modes and finally a shear
mode. For case (3) the lowest mode is shear followed by longitudinal, shear, and longi-
tudinal modes. It should be noted that for case (2), the shear and longitudinal motions are
strongly coupled, making the classification of these modes somewhat subjective.

The theory of elasticity solutions are also shown in these figures. In general, the agree-
ment between the dispersion curves of the two theories is quite good. However, as will be
discussed later, this does not necessarily indicate that the microstructure theory is adequately
modeling the actual response of the material. Finally, it should be emphasized that in
some cases the elasticity equations yield additional propagation modes which fall between
the modes shown in the figures. Only those elasticity modes which seem to correspond most
closely to the microstructure modes have been included in the figures for comparison.

We will begin the discussion of the mode shape comparisons by first considering the
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Fig. 2. Dispersion spectrum for propa- Fig. 3. Dispersion spectrum for propa-

gation in direction of the layering. gation at 45° to the layering.
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Fig. 4. Dispersion spectrum for propagation perpendicular to the layering.

simpler directions of propagation, cases (1) and (3). In case (3) for propagation perpendic-
ular to the layering, an illustrative example of a longitudinal wave in the second mode
which moves from left to right along the x, direction is shown in Figs. 5 and 6. The frequency
for this case falls in the neighborhood of the first cut-off frequency of the elasticity
solution, i.e. that frequency above which waves will only propagate with exponentially
decaying amplitudes. This region provides a relatively severe test of the theory.
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Fig. 5. Lowest longitudinal mode propagating Fig. 6. Lowest longitudinal mode propagating

perpendicular to the layering, &= 2. perpendicular to the layering, £ = 2.



Wave propagation in elastic laminates using a second order microstructure theory 69

300 T T T
1,000 T T ™A1 | e THEORY OF ELASTICITY
......... THEORY OF ELASTICITY —_ EFFECTIVE STIFFNESS
EFFECTIVE STIFFNESS 200~ THEORY -
0.6seel- ——  THEORY !
* ~—
ERER =
= »
g 3
&> —
= 0.0 1]
O -
v -
E = ]
2
-0.3333p— ~
-
-0, 5666 - MATRIX
0. 6666 REINFORCING
REINFORCING MATRIX: 30 1 L
-1.0000}f | ! ] Q -1.00 -0.50 0.0
IW 0.5 0.5 0.5 0 0.5 0,75 0.2 0.25
POSITION X, POSITION X,
Fig. 7. Lowest shear mode propagating in the Fig. 8. Lowest shear mode propagating in the
direction of the layering, £=2. direction of the layering, £ =2.

We can immediately note some of the discrepancies between the microstructure and the
elasticity results; however, within the microstructure results alone, we also note a deterior-
ation in the continuity of displacement and stress across the material interface. Still,
considering that we are looking at a relatively short wavelength, the agreement may be
acceptable for particular applications.

The next case, case (1), is for waves propagating in the direction of the layering. These
waves travel out of the page along the x, direction in Figs. 7-10. Because the waves are
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Fig. 9. Lowest shear mode propagating in the direction of the layering, £ = 2.
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propagating in the x, direction alone, the microstructure interface-continuity conditions
will always be satisfied. Thus, unlike the previous case, we do not see a break in the curves
of those quantities which should be continuous across the interface.

Figures 7-9 represent the lowest shear mode for ¢ = 2.0. As seen in Fig. 2, there is
considerable error in the phase velocity for this case. Even so, the displacements and normal
stresses are in good agreement. The greatest difference occurs in the shear stress comparison.

Figure 10 shows comparisons of displacement and normal stress for several values of
wave number in the lowest longitudinal mode. (For ¢ =4, which is not shown, the plots
are identical to those for & = 2.) Examination of this figure reveals some interesting charac-
teristics of the effects of increasing wave number, particularly the change in the stress plots
from & =1 to £ =2. Comparison between theories is good for this case. (Although it has
not been shown, the comparison for shear stress is also good.)

The last case to be discussed, waves propagating at 45° to the layering, is extremely
difficult to visualize. For this reason, we have made use of a three dimensional plotting
technique which makes possible clear and illuminating qualitative comparisons between
the stresses and displacements predicted by the microstructure theory and those obtained
from elasticity theory.

We begin by slicing out a section of the layered medium as shown in Fig. 11. The wave
will propagate from left to right, perpendicular to the vertical grid lines. Two complete

MATRIX

WO /
DO Ew
NI )/ /4
WA TONE / /[
DWW, / 4
YOOI/ / /,
DRI /
TN // /
T SONINE /
BTN |/ /4

Fig. 11. Plotting surface for waves propagating at 45° to the layering.

plate thicknesses are shown, each divided into nine equal sections by the sloping grid lines.
Two overlapping grid lines have been placed at the plate interface in order to represent
discontinuities at this junction. We will now rotate this object 90° about the x,’ axis, so
that the matrix plate with the narrowly spaced grid lines is placed farthest away from the
viewer. The surface now appears as a horizontal line. In its new oriention, the wave still
appears to move from left to right and this surface can now be distorted in the vertical
direction to illustrate any one of the two components of displacement or three components
of stress. Please note, however, that we will still plot values of these functions evaluated in
the x,~x, coordinate system.

For wave number ¢ = 2, samples of components of stress and displacement are shown
in Figs. 12-15 from all four modes. For example, at the top of Fig. 12, we show the u,



72 D. S. DRUMHELLER and A. BEDFORD

displacement for the lowest shear mode. On the left is the theory of elasticity prediction.
On the right is the microstructure prediction. (Note the discontinuity in %, at the interface.)

The second and third modes, in Figs. 13 and 14, appear to have the best comparison
between the elasticity and microstructure solutions. They were previously labeled longi-
tudinal modes. Note that in mode two, the two plates move in-phase while the opposite is
true in mode three. Mode one, Fig. 12, has the next best agreement. The principle devia-
tions occur in the ¢,, comparisons.

It is interesting to look back at Fig. 3 and note the excellent agreement in the dispersion
spectra of mode four. On the basis of dispersion data alone, one would have concluded
that mode four was adequately modeled. However, the largest differences in the mode
shapes occur in mode four.

EFFECTIVE STIFFNESS THEORY

THEORY OF ELASTICITY

Yy

000

o T
X' - X'
1

Fig. 12. Comparison of mode shape profiles for first mode propagating at 45° to layering.



73

Wave propagation in elastic laminates using a second order microstructure theory

EFFECTIVE STIFFNESS THEORY
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Fig. 13. Comparison of mode shape profiles for second mode propagating at 45° to layering.
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Fig. 14. Comparison of mode shape profiles for third mode propagating at 45° to layering.
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Fig. 15. Comparison of mode shape profiles for fourth mode propagating at 45° to layering.
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4. CONCLUSIONS

On the basis of our results, we have determined that a second order effective stiffness

theory is capable of predicting with reasonable accuracy the stress and displacement
distributions associated with several of the lowest theory of elasticity modes. As would
naturally be anticipated, the accuracy deteriorated with increasing frequency, and marked
discrepancies occur between mode prediction at the higher modes which would have to
be considered in applying the theory to particular problems.

Finally, we have given strong evidence that dispersion comparisons alone cannot consti-

tute a valid criteria for the assessment of a microstructure theory.
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